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Abstract
In this paper we consturct several supersymmetric theories on AdS5 background.
We discuss the proper definition of the Killing equation for the symplectic Majorana
spinors required in AdS5 supersymmetric theories. We find that the symplectic
Killing spinor equation involves a matrix M in the USp(2N) indices whose role was
not recognized previously. Using the correct Killing spinors we explicitly confirm
that the particle masses in the constructed theories agree with the predictions of
the AdS/CFT correspondence. Finally, we establish correct O(d − 1, 2) isometry
transformations required to keep the Lagrangian invariant on AdSd.
1
1 Introduction
Recent work on the AdS/CFT correspondence [1, 2, 3] has brought renewed interest in
the subject of supersymmetric field theory in anti-de Sitter space, particularly for AdS5.
We have found that several basic questions are not clearly discussed in the literature,
and it is our aim to clarify them in the present paper. These questions include the
proper Killing equation for the symplectic Majorana spinor required in AdS5 SUSY, and
the Lagrangian and transformation rules for the SU(N) gauge multiplet, the conformal
scalar multiplet, and the massive scalar multiplet.
It was a surprise to us that the symplectic Killing spinor equation involves a matrix
M in the USp(2N) indices whose role was not recognized previously. It turns out that
M also enters the transformation rules and the Lagrangian of the basic supermultiplets.
In this paper we will develop a full description of these basic supermultiplets on AdS5
using the properly defined symplectic Killing spinors.
In the body of the paper, we will work with a metric of (+,−, · · · ,−) signature unless
stated otherwise:
ds2 = e2arηαβdx
αdxβ − dr2. (1.1)
With this choice of metric, the Ricci curvature is Rµν = (d−1)a2gµν . We give a summary
of results for the (−,+, · · · ,+) signature in Appendix A. It is our hope that the results
in this paper will prove useful for developing further understanding of physics on AdS5.
2 Killing spinors on AdS
It is known that in d = 5, 6, 7 mod 8 regular Majorana fermions cannot be defined
[4]. Instead, in these dimensions we can define symplectic Majorana fermions which are
spinors satisfying the following condition [4, 5, 6]:
χi = C(χi)T (2.1)
where C is the charge conjugation matrix and
χi ≡ χ†iγ0. (2.2)
In general, i = 1, 2, . . . , 2n and the indices are raised and lowered with a symplectic
metric Ωij which obeys
ΩT = −Ω, ΩΩ⋆ = −I. (2.3)
In this paper, we will only be interested in a pair of symplectic Majorana spinors, so
i = 1, 2 and
ǫ =
(
0 1
−1 0
)
(2.4)
1
is the symplectic metric which will be used throughout this paper. To simplify our
computations, we will only use objects with all the symplectic indices lowered by inserting
the symplectic metric explicitly, for example, χi = χjǫ
ji = −ǫijχj . Note that in our
convention,
ǫij = −ǫji = ǫij . (2.5)
Because of definition (2.2), we will treat χi as an object with its symplectic index down,
but will at times employ χi notation to save space.
For the rest of this paper we will work in d = 5 unless explicitly stated otherwise.
Because now the Clifford algebra contains γ5, the Fierz transformations become simpler:

s
v
t

 (4, 2; 3, 1) = −14


1 1 1
5 −3 1
10 2 −2




s
v
t

 (4, 1; 3, 2) (2.6)
where
s(a, b; c, d) = ψaψbψcψd
v(a, b; c, d) = ψaγµψbψcγ
µψd
t(a, b; c, d) = −1
2
ψaγµνψbψcγ
µνψd.
(2.7)
Another useful identity to keep in mind in 5 dimensions is the symplectic Majorana flip
formula [5]
χiγµ1γµ2 . . . γµn−1γµnψ
j = ψ
j
γµnγµn−1 . . . γµ2γµ1χ
i (2.8)
which written in our notation becomes
χ†iγ0γµ1γµ2 . . . γµn−1γµnψj = −ǫilǫjkψ†kγ0γµnγµn−1 . . . γµ2γµ1χl. (2.9)
This formula comes about because the charge conjugation matrix, C, is such that
CγµC
−1 = γTµ , (2.10)
which is different from 4 dimensions where there is a minus sign on the right hand side
of the equation. Because of that minus sign, a Majorana Killing spinor equation in 4
dimensions can be defined in a straightforward manner [7]:
Dµǫ = i
a
2
γµǫ. (2.11)
Note that because this equation satisfies the Ricci identity (see eq. (2.14) below), it can
be interpreted as a Killing equation in arbitrary dimension for a complex unconstrained
spinor, which was studied previously [8]. An extension of the above definition to 5
dimensions fails because the left hand side satisfies the symplectic Majorana condition
(2.1) while the right hand side of the above equation does not, due to eq. (2.10). This
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led us to consider a generalized form of the Killing equation for the symplectic Majorana
Killing spinors:
Dµǫi = iMij
a
2
γµǫj , (2.12)
where Mij is an unknown 2 × 2 matrix, and Dµψ = (∂µ + 12ωµabσab)ψ. It is important
to note that this form of the symplectic Killing spinor equation and the subsequent
supersymmetry transformations stemming from it are compatible with AdS5 supergravity
transformation rules [6], although Killing spinors were not discussed there. We obtain the
properties of the matrix Mij by applying the Ricci identity and the symplectic Majorana
condition to eq. (2.12). Using eqs. (2.1) and (2.10) yields a condition on Mij , which
written in the matrix form becomes
M = ǫM⋆ǫ, (2.13)
where ǫ is the symplectic metric. On the other hand, Ricci identity yields
[Dµ, Dν ]ǫi ≡ 1
2
Rµνabσ
abǫi = a
2σµνǫi = a
2σµν(M
2)ijǫj , (2.14)
that is
M2 = 1. (2.15)
Putting equations (2.13) and (2.15) together, we can easily obtain the most general form
of the matrix M :
M =
(
cos θ sin θe−iφ
sin θeiφ− cos θ
)
= ~x · ~σ (2.16)
where θ and φ are angles taking values between 0 and 2π, and
~x = (sin θ cosφ, sin θ sinφ, cos θ),
and ~σ = (σ1, σ2, σ3) is a vector of Pauli matrices. Hence, matrix M can be interpreted as
an element of the Lie algebra of USp(2). Furthermore, it is easily seen that the Killing
spinor equation (2.12) is USp(2)-covariant: take M to be an allowed matrix appearing in
eq. (2.12), then USp(2) rotate the Killing spinors, ǫ′i = Uijǫj , and write new Killing spinor
equation for the rotated spinors – we obtain the same form of Killing spinor equation but
with a different matrix M ′ = U †MU which satisfies both conditions (2.13) and (2.15),
hence giving us a valid Killing spinor equation.
Complex Killing spinors on d-dimensional anti-de Sitter spacetime AdSd for arbitrary
d have been constructed before [8, 9]. They are solutions of eq. (2.11) and take the form
(see Appendix A for conversion between signatures)
ǫ = e
i
2
arγr
(
1 +
i
2
axαγα(1− iγr)
)
ǫ0. (2.17)
3
Solution of equation (2.12) can easily be obtained from the solution (2.17) by substituting
Mijγµ for every γµ in eq. (2.17):
ǫi =
(
e
i
2
arMγr
)
ij
(
δjk +
i
2
axαγα(Mjk − iδjkγr)
)
ξk (2.18)
where ξj is a pair of constant symplectic Majorana spinors.
Now, for each matrixM above, let us construct a Dirac spinor as a linear combination
of the two symplectic Majorana spinors . Assume the most general relation between two
symplectic Majorana spinors and a Dirac spinor:
ψ = Aǫ1 +Bǫ2 (2.19)
with the unknown coefficients A and B. To be consistent, eq. (2.19) should produce the
right equation for the Dirac Killing spinors, eq. (2.11), when combined with equation for
the symplectic Majorana Killing spinors, eq. (2.12). Using eq. (2.16) we find that this
condition is satisfied by the following normalized Dirac spinor
ψ = ei
φ
2 cos
θ
2
ǫ1 + e
−i
φ
2 sin
θ
2
ǫ2, (2.20)
where we could also choose − instead of + between the two terms. This expression will
be useful later in the paper.
Finally, it’s worth noting a general form of the matrix M for more than 2 spinors. In
the case of 2n spinors, M is a 2n× 2n matrix which takes a block form
M =
(
A B
B⋆−A⋆
)
(2.21)
where A and B are n× n complex matrices which satisfy the following equations:
AB = BA⋆
A2 +BB⋆ = I.
(2.22)
It is easy to see that for n = 1, above equations yield precisely the matrix M given in
equation (2.16).
3 The on-shell USp(2) supersymmetric U(1) Yang-
Mills theory on AdS5
Let us start with the massless USp(2) supersymmetric Yang-Mills theory in flat 4+1
spacetime. SU(2) version of this theory has been developed by Zizzi [10]. U(1) theory is
easily obtained from SU(2) theory:
L = −1
4
F µνFµν +
1
2
DµφD
µφ+
i
2
χiD/χi (3.1)
4
and invariant under the following supersymmetry transformations:
δAµ = iη
iγµχi
δφ = iηiχi
δχi = (σµνF
µν −D/φ)ηi
(3.2)
where µ, ν = 0, . . . , 4 and i = 1, 2. To describe the same theory on AdS5 not only do we
need to have additional terms in the supersymmetry transformations but we will have
nonzero mass terms for both the scalar φ and the spinors χi for the case of massless
gauge potential. In fact, compactification of N = 2 supergravity on S5 [11] or AdS/CFT
correspondence [3, 12] let us determine these masses:
m2(Aµ) = 0, | m(ψ) |= 1
2
, m2(φ) = −4. (3.3)
Hence, the U(1) Yang-Mills theory on AdS5 should be the flat U(1) theory (3.1) plus the
above mass terms:
L = −1
4
F µνFµν +
1
2
DµφD
µφ+
i
2
χiD/χi − aµijχiχj − 1
2
a2m2φ2. (3.4)
Using the proper Killing spinor equation (2.12) for the symplectic Majorana spinors, we
find that theory (3.4) is invariant under the supersymmetry transformations
δAµ = iη
iγµχi
δφ = iηiχi
δχi = (σµνF
µν −D/φ)ηi − 2iaφMijηj
(3.5)
where Mij is the matrix given by eq. (2.16). Furthermore, supersymmetry determines
the values of the masses in eq. (3.4):
µ = −1
4
M, m2 = −4. (3.6)
It is easy to show that given a definition of a properly normalized Dirac spinor as in
eq. (2.20),
i
2
χiD/χi = iψD/ψ (3.7)
and
1
2
Mijχ
iχj = ψψ. (3.8)
Hence, this theory contains a Dirac spinor of mass equal to 1
2
and one real scalar of
mass equal to −4. These masses agree completely with our previous predictions given in
equation (3.3).
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To complete the description of this theory we need to write down the supersymmetry
algebra. Using eq. (3.5), we find that
[δ1, δ2]φ = 2iη
i
1
γµη2iDµφ (3.9)
and similarly a usual expression for [δ1, δ2]Aµ (up to equations of motion and gauge
transformations) because just like in the scalar case above all the terms proportional to
a cancel. However, supersymmetry algebra for the spinors is more interesting:
[δ1, δ2]χi = 2iDµχiη
j
1γ
µη2j + 3aMijχjη
k
1
η2k +
a
2
γµνχiMkjη
k
1
γµνη2j , (3.10)
where we used spinor equations of motion
D/χi =
i
2
aMijχj (3.11)
and the following useful identities
Mnlδij −Milδnj +Mijδnl −Mnjδil = 0
ǫnj(Mǫ)ik + δknMij = Minδjk
ǫnjǫik + δknδij = δinδjk.
(3.12)
To explain the terms appearing in this algebra, first consider only the fermionic part of
the Lagrangian
LF = i
2
χiD/χi +
1
4
aMijχ
iχj . (3.13)
From the properties of the matrix M (eqs. (2.13) and (2.15)), it follows that there is an
additional U(1) symmetry in the theory:
δχi = iMijχj . (3.14)
This extra symmetry manifests itself in the supersymmetry algebra, as we see from
the second term in eq. (3.10). Furthermore, supersymmetry algebra involves a term
proportional to
γµνχiMkjη
k
1
γµνη2j (3.15)
which at first glance appears unusual. However, there is a clear and dimension inde-
pendent explanation of this term. The proof of the following arguments is presented in
Appendix B. Below, we chose to work in 4 dimensions because we do not wish to involve
the symplectic indices. In 5 dimensions, the following discussion is slightly more involved
but follows the same outline as the proof in Appendix B. To facilitate the explanation, let
us look at the AdS4 supersymmetric theory [7]. If we compute supersymmetry algebra of
the fermions using transformations (3.1) of that paper, we obtain (with our conventions)
[δ1, δ2]Lψ = iD
µLψǫ1γµǫ2 +
a
4
γµνLψǫ1γµνǫ2. (3.16)
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This algebra contains an “extra” term of the same form as eq. (3.15). The explanation
of this “extra” term in the algebra lies in the fact that the naive isometry transformation
δψ = KµDµψ, (3.17)
where Kµ = iǫ1γ
µǫ2 is an O(3,2) Killing vector, is actually not a symmetry of the kinetic
term in curved space. On a curved manifold, we need to add more terms to this variation
because DµKν no longer equals to 0. In particular, in AdS we need to add precisely the
“extra term” in eq. (3.16) in order to recover a symmetry of the Lagrangian. Using the
fact that
DµKν = aǫ1γµνǫ2 (3.18)
we expect that in AdS4 the full O(3,2) isometry requires the following transformation
rule:
δψ = iDµψǫ1γµǫ2 + aσ
µνψǫ1σµνǫ2 = K
µDµψ +
1
4
DµKνγµνψ (3.19)
which can be verified to be a symmetry of the Lagrangian (see Appendix B). Hence, we
indeed expect a term like (3.15) in the supersymmetry algebra of our theory on AdS5.
Let us finally note that extending the above results to an SU(N) gauge theory is quite
trivial. Assuming that all the matter fields are in the adjoint representation of the gauge
group SU(N), the Lagrangian is
L = −1
4
F µνaF aµν +
1
2
Dµφ
aDµφa +
i
2
χiaD/χai +
1
4
aMijχ
iaχaj + 2a
2φaφa − i
2
gfabcχ
iaφbχci
(3.20)
where a, b, c = 1, 2, . . . , N2 − 1 and the covariant derivatives are now defined as
Dµψ
a
i = ∂µψ
a
i +
1
2
ωµνρσ
νρψai + gfabcA
b
µψ
c
i
Dµφ
a = ∂µφ
a + gfabcA
b
µφ
c
F aµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµAcν .
(3.21)
With these definitions, the theory (3.20) is invariant under exactly the same transforma-
tions as before, keeping in mind the definitions above:
δAaµ = iη
iγµχ
a
i
δφa = iηiχai
δχai = (σµνF
µνa −D/φa)ηi − 2iaφaMijηj.
(3.22)
Therefore, all the results, including the field masses and the supersymmetry algebra,
remain exactly the same in the case of SU(N) gauge theory.
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4 The on-shell USp(2) supersymmetric conformal scalar
theory on AdS5
This theory describes 2 massless symplectic Majorana fermions and 4 massive real scalar
fields with the same mass for all 4 scalars. A generalization of this theory has been
developed in flat 5-dimensional spacetime [13]. As in the previous section, we use the
flat theory to develop this same theory on AdS5:
L = 1
2
∂µφ
I∂µφI +
i
2
λ
i
D/λi − 1
2
a2m2φIφI (4.1)
where µ = 0, . . . , 4, I = 1, . . . , 4, and i = 1, 2. The theory (4.1) is invariant under the
supersymmetry
δφI = (σIǫ)ijǫ
iλj
δλi = i(ǫσ
I)ji∂/ φ
Iǫj + a
3
2
(σI
T
ǫM)ijǫjφ
I
(4.2)
where σI = (~σ, i1), M is the matrix found in eq. (2.16), ǫ is the symplectic metric in
the matrix form, and ǫi is a symplectic Majorana Killing spinor. Supersymmetry also
determines the value of m in this theory:
m2 = −15
4
. (4.3)
Note that this formula agrees with the mass formula for the conformally coupled scalar
field in 5 dimensions [7, 14].
Now, we are ready to compute the supersymmetry algebra for this theory. After a
short computation, we obtain
[δ1, δ2]φ
I = 2iǫi
1
γµǫ2i∂µφ
I + a
3
2
ǫi
2
(
σIσJ
†
M −MσJσI†
)
ij
ǫ1jφ
J . (4.4)
It appears (and can be confirmed by an explicit computation) that there exists an “extra”
symmetry in this theory
δφI = ǫi
2
(σIσJ
†
M −MσJσI†)ijǫ1jφJ . (4.5)
In fact, this transformation represents rotation of the scalar fields δφI = iǫi
2
ǫ1iT
IJφJ
where T is a 4× 4 matrix
T =


0 x3 −x2−x1
−x3 0 x1 −x2
x2 −x1 0 −x3
x1 x2 x3 0

 (4.6)
and ~x is defined in eq. (2.16). Hence, for each fixed matrix M , this is a particular repre-
sentation of the SO(2) subgroup of the obvious SO(4) symmetry of the scalar Lagrangian.
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The spinor algebra, on the other hand, presents nothing new, although the previous
extra term associated with the O(4,2) isometry does. In order to calculate this algebra,
we need to know a few useful identities given below:
(ǫσI)ji(σ
Iǫ)mn − σImiσIjn⋆ = −4δjmδin
(ǫσI)ji(σ
Iǫ)mn + σ
I
miσ
I
jn
⋆
= 0
(ǫσI)ji(Mσ
Iǫ)mn + σ
I
mi(Mσ
I)⋆jn = 0
(ǫσI)ji(Mσ
Iǫ)mn − σImi(MσI)⋆jn = −4δinMmj
(ǫMσI)ji(σ
Iǫ)mn − (MσI)miσIjn⋆ = 0
(ǫMσI)ji(σ
Iǫ)mn + (Mσ
I)miσ
I
jn
⋆
= 4Mmjδin
(MǫσI
†
)ij(σ
Iǫ)mn + (Mσ
IT )imσ
I
jn
⋆
= 0
(MǫσI
†
)ij(σ
Iǫ)mn − (MσIT )imσIjn⋆ = −4δjmMin.
(4.7)
Then, using these identities we arrive at the following result
[δ1, δ2]λi = 2iDµλiǫ
j
1γ
µǫ2j +
a
2
γµνλiMkjǫ
k
1
γµνǫ2j (4.8)
which is remarkably similar to the supersymmetric algebra for the spinors in AdS4 as
given by eq. (3.16).
5 The on-shell USp(2) supersymmetric massive scalar
theory on AdS5
Similarly to the conformal scalar theory presented in the previous section, this theory
describes 2 massive symplectic Majorana fermions and 4 massive real scalar fields. The
theory is described by an action similar to that of conformal scalar theory given by
eq. (4.1):
L = 1
2
∂µφ
I∂µφI +
i
2
λ
i
D/λi − 1
2
aµMijλ
i
λj − 1
2
a2m2IJφ
IφJ . (5.1)
The new feature here is a symmetric real 4 × 4 matrix m2IJ which is not assumed to be
diagonal apriori. Also, note that we have already introduced the correct form of the
spinor mass term according to the prescription in eq. (3.8) so that this theory contains a
Dirac spinor of mass µ. The theory (5.1) can be shown to be invariant under the following
supersymmetry transformation rules:
δφI = (σIǫ)ijǫ
iλj
δλi = i(ǫσ
I)ji∂/ φ
Iǫj + a
3
2
(σI
T
ǫM)ijǫjφ
I + aµ(MǫσI
†
)ijǫjφ
I ,
(5.2)
provided that the scalar mass matrix, m2IJ , takes a very specific form, which will be deter-
mined by the supersymmetry. Obtaining m2IJ is nontrivial, so we provide the necessary
calculations below.
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Using the supersymmetry transformation rules (5.2) to vary the action, we find that
all the terms proportional to 1 and a cancel but terms proportional to a2 yield the
following matrix equation for each I:(
µ2 − 15
4
)
σIǫ+ µMσIǫM = m2IJσ
Jǫ. (5.3)
One way to solve this equation is to expand everything in {σI} basis and then set the
coefficients of each σI matrix to 0. Noting that Mσ4M = σ4, for I = 1, 2, 3 we write
MσIM = cIJσ
J (5.4)
where c is a 3× 3 matrix easily found from eq. (2.16):

2x2
1
− 1 2x1x2 2x1x3
2x1x2 2x
2
2
− 1 2x2x3
2x1x3 2x2x3 2x
2
3
− 1

 (5.5)
with
~x = (sin θ cosφ, sin θ sinφ, cos θ).
We note that for I = 2 eq. (5.3) decouples from the rest of the equations giving us
m2
12
= m2
23
= m2
24
= 0, m2
22
= µ2 + µ− 15
4
. (5.6)
The other 3 equations remain coupled:
−(µ2 − 15
4
−m2
11
)σ3 = µc3Jσ
J +m2
13
σ1 −m2
14
σ2
−(µ2 − 15
4
−m2
33
)σ1 = µc1Jσ
J +m2
13
σ3 +m2
34
σ2
−(µ2 − 15
4
−m2
44
)σ2 = µc2Jσ
J +m2
34
σ1 −m2
14
σ3
(5.7)
where we used eq. (5.4) above. A few simple manipulations yield the values of the
diagonal elements of the scalar mass matrix
m2
11
= µ2 − 15
4
+ µc33
m2
33
= µ2 − 15
4
+ µc11
m2
44
= µ2 − 15
4
+ µc22.
(5.8)
Plugging these values back into eq. (5.7) we find all the other elements of the scalar mass
matrix:
m2
13
= −µc13, m214 = µc23, m234 = −µc12. (5.9)
Finally, putting eqs. (5.8) and (5.9) together we find the scalar mass matrix
m2 =


µ2 − 15
4
+ µc33 0 −µc13 µc23
0 µ2 + µ− 15
4
0 0
−µc13 0 µ2 − 154 + µc11 −µc12
µc23 0 −µc12 µ2 − 154 + µc22

 (5.10)
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where the rows and columns can be rearranged to give a block diagonal form. To find
the physical values of the masses we need to diagonalize m2 and read the physical masses
off of the diagonal. This procedure yields
m2 = µ2 + µ− 15
4
, µ2 + µ− 15
4
, µ2 − µ− 15
4
, µ2 − µ− 15
4
. (5.11)
This answer is remarkable because these are precisely the masses we expect from the
AdS/CFT correspondence [3, 12]: from the AdS/CFT correspondence we know that this
theory should contain a complex scalar with conformal dimension ∆, a complex spinor
with conformal dimension ∆+ 1
2
, and another complex scalar with conformal dimension
∆ + 1, which in 5 dimensions gives the spinor mass
µ = ∆+
1
2
− 2 = ∆− 3
2
(5.12)
and the two scalar masses
m2 = ∆(∆− 4)
m2 = (∆+ 1)(∆− 3) (5.13)
which in turn implies that the complex scalars in this theory should have their masses
equal to
m2 =
(
µ+ 3
2
) (
µ− 5
2
)
= µ2 − µ− 15
4
m2 =
(
µ+ 5
2
) (
µ− 3
2
)
= µ2 + µ− 15
4
.
(5.14)
Hence, eq. (5.10) is the correct scalar mass matrix as the equations (5.11) and (5.14) are
in exact agreement.
To complete the study of this theory we calculate the supersymmetry algebra for the
spinors and scalars under the transformation rules (5.2). For the scalars, we obtain
[δ1, δ2]φ
I = 2iǫi
1
γµǫ2i∂µφ
I
+a3
2
ǫi
2
(
σIσJ
†
M −MσJσI†
)
ij
ǫ1jφ
J
+aµǫi
2
(
σIM⋆σJ
† − σJM⋆σI†
)
ij
ǫ1jφ
J
(5.15)
which is almost the same as the supersymmetry algebra for the “conformal scalar” theory,
eq. (4.4), with addition of a term proportional to the spinor mass, µ. Because the scalar
mass term (5.10) breaks SO(4) symmetry down to SO(2)×SO(2) (this fact becomes
obvious once the scalar fields are rotated so that the scalar mass term becomes diagonal
– see discussion below), the two non-derivative terms in the algebra must encode at least
some part of this symmetry of the Lagrangian. To see this more clearly, let us assume
that φ1, φ2 and φ3, φ4 have physical masses µ2 + µ − 15
4
and µ2 − µ − 15
4
respectively,
so that each pair transforms under separate symmetries. First, note that even with this
symmetry breaking, the transformation
δφI = ǫi
2
(
σIM⋆σJ
† − σJM⋆σI†
)
ij
ǫ1jφ
J (5.16)
11
is by itself a symmetry of the kinetic part of the scalar Lagrangian because before the
transformation (4.5) was a symmetry of the kinetic part as well. To establish this fact is
nontrivial, but it all boils down to showing that
[
σIM⋆σJ
†
,M
]
−
[
σJM⋆σI
†
,M
]
= 0 (5.17)
for all values of I, J . We can again rewrite the above transformation in a more compact
form, δφI = iǫi
2
ǫ1iQ
IJφJ where Q is a 4× 4 matrix
Q =


0 −x3−x2−x1
x3 0 −x1 x2
x2 x1 0 −x3
x1−x2 x3 0

 . (5.18)
Now, we only need to understand how the transformation (5.15) acts on the mass term.
To see this more clearly, let us redefine
φ′
I
= OIJφJ (5.19)
with the matrix O defined as follows:
O =


x3 0
√
1− x23 0
0 1 0 0
−x1 0 x1x3√
1−x2
3
x2√
1−x2
3
x2 0− x2x3√
1−x2
3
x1√
1−x2
3


. (5.20)
With this field redefinition, the scalar mass matrix becomes diagonal in precisely the way
discussed above and the transformation (5.15) becomes
δφ′
I
= −iǫi
2
γµǫ1i∂µφ
′I + iaǫi
2
ǫ1i
[
3(OTTO)IJ + 2µ(OTQO)IJ
]
φ′
J
(5.21)
where T and Q are defined in eqs. (4.6) and (5.18) respectively. Using eq. (5.20) we can
explicitely compute
OTTO =


0 1 0 0
−1 0 0 0
0 0 0−1
0 0 1 0

 , OTQO =


0−1 0 0
1 0 0 0
0 0 0−1
0 0 1 0

 . (5.22)
Hence the transformation (5.21) of the new fields encodes a particular SO(2) symmetry
of the larger SO(2)×SO(2) symmetry of the scalar Lagrangian.
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The spinor supersymmetry algebra is quite similar to that of the previously derived
conformal scalar theory, eq. (4.8):
[δ1, δ2]λi = 2iDµλiǫ
j
1γ
µǫ2j − 2aµMikλkǫj1ǫ2j +
a
2
γµνλiMkjǫ
k
1
γµνǫ2j (5.23)
with a new term proportional to the spinor mass µ. As before, the third term with
γµν in this algebra is exactly the extra symmetry term required to recover the O(4,2)
symmetry of the Lagrangian, and the new term proportional to µ is reminiscent of the
U(1) symmetry (3.14) in the Yang-Mills theory described in Section 3.
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Appendix
A Summary of results in (−,+, · · · ,+) signature
In this section we will summarize some of the formulas given in body of the text for the
(−,+, · · · ,+) signature. We do so because most of the recent literature on AdS uses this
signature almost exclusively. Note that in this signature, the curvature takes the usual
form, Rµν = −(d− 1)a2gµν .
Most of the formulas can be converted to the (−,+, · · · ,+) signature simply by chang-
ing γµ → −iγµ for every γµ in the formula. Hence, a complex unconstrained Killing spinor
equation (2.11) becomes:
Dµǫ =
a
2
γµǫ, (A.1)
its solution (2.17) becomes:
ǫ = e
1
2
arγr
(
1 +
1
2
axαγα(1− γr)
)
ǫ0, (A.2)
symplectic Majorana Killing spinor equation (2.12) becomes:
Dµǫi =Mij
a
2
γµǫj , (A.3)
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and its solution (2.18) becomes:
ǫi =
(
e
1
2
arMγr
)
ij
(
δjk +
1
2
axαγα(Mjk − δjkγr)
)
ξk. (A.4)
Other formulas, such as supersymmetry transformation rules, have to be checked carefully
when changing signatures so that the properties of the fields, e.g. real or symplectic
Majorana, are satisfied by the transformations. When this is done carefully, we find that
the Yang-Mills theory transformation rules (3.5) become:
δAµ = −iηiγµχi
δφ = ηiχi
δχi = (−σµνF µν + iD/ φ)ηi + 2iaφMijηj ,
(A.5)
the conformal scalar theory transformation rules (4.2) become:
δφI = −i(σIǫ)ijǫiλj
δλi = (ǫσ
I)ji∂/ φ
Iǫj − a32(σI
T
ǫM)ijǫjφ
I ,
(A.6)
and the massive scalar theory transformation rules (5.2) become:
δφI = −i(σIǫ)ijǫiλj
δλi = (ǫσ
I)ji∂/ φ
Iǫj − a32(σI
T
ǫM)ijǫjφ
I + iaµ(MǫσI
†
)ijǫjφ
I .
(A.7)
B Isometry transformations for spinors on AdS
In this section we will attempt to prove that the action of a free, massless spinor on AdSd
is invariant under
δψ = KµDµψ +
1
4
DµKνγµνψ (B.1)
where Kµ is an O(d − 1, 2) Killing vector. This proof remains true in any spacetime
dimension and for any spinor whose action is given by the usual Lagrangian
L = iψD/ψ. (B.2)
Although O(d − 1, 2) Killing vectors and their properties on AdSd can be studied
independently of the Killing spinors, we will use the definition of Killing vectors through
Killing spinors (true only in some dimensions) as a shortcut to establish the following
property of the Killing vectors:
DµDνKρ = DµDν (iǫ1γρǫ2) = aDµ (ǫ1γνρǫ2) = a
2 (gµρKν − gµνKρ) (B.3)
where in the intermediate steps we used the Killing spinor equation (2.11) and the prop-
erties of the Clifford algebra
{γµ, γν} = 2gµν . (B.4)
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Note that although the intermediate steps in eq. (B.3) involve Killing spinors, the final
result is expressed only in terms of the Killing vectors. Hence, this is a general property
of the O(d − 1, 2) Killing vectors. Similarly, we can establish another Killing vector
property:
DµKν = −DνKµ. (B.5)
Now, let us vary the free action by
δ1ψ = K
µDµψ (B.6)
which yields:
δ1
(
ψD/ψ
)
= −ψKµDµD/ψ + ψKµD/Dµψ + ψγνDµψDνKµ
= ψγν [Dν , Dµ]ψK
µ + ψγνDµψD
νKµ
= a2 d−1
2
ψγµψK
µ + ψγνDµψD
νKµ,
(B.7)
where to go from line 2 to line 3 we used the Ricci identity, eq. (2.14). Thus, it is clear
that the above transformation is not a symmetry of the Lagrangian. Now, let us vary
the action by
δ2ψ = D
µKνγµνψ (B.8)
which gives
δ2
(
ψD/ψ
)
= −DµKνψγµνD/ψ +DµKνψD/ γµνψ +DρDµKνψγργµνψ
= 2DµKνψ(γ
νgµρ − γµgνρ)Dρψ − 2a2(d− 1)ψγµψKµ
= −4ψγνDµψDνKµ − 2a2(d− 1)ψγµψKµ
(B.9)
where to go from line 1 to line 2 we used the properties of the Clifford algebra and of the
Killing vectors, eq. (B.3). Therefore, it is now clear that the action of a free, massless
spinor on AdS is invariant under
(δ1 + δ2)ψ = K
µDµψ +
1
4
DµKνγµνψ. (B.10)
Let us finally note that for d = 5, the preceding proof can be applied verbatim to the
case of the symplectic Majorana spinors if we note that on AdS5
Kµ = iǫi
1
γµǫ2i
DµKν = aMijǫ
i
1
γµνǫ2j = −DνKµ
DµDνKρ = a
2(gµρKν − gµνKρ).
(B.11)
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C Results in d 6= 5
In this section, we give some results for dimensions other than 5. These results hold
for those dimensions where symplectic Majorana spinors can be defined and the charge
conjugation matrix can be chosen to satisfy eq. (2.10). We know [4] that both conditions
can be satisfied in d = 5, 6 mod 8. Also, it is conceivable that similar approach has to be
taken for d = 8, 9 mod 8 as the only way to define Majorana spinors there is to take a
symmetric charge conjugation matrix that satisfies eq. (2.10). However, it is important
to realize that the transformation rules given below do not describe supersymmetry in
dimensions above 5, but instead describe some accidental symmetry of the free non-
interacting Lagrangian. We give the transformation rules and particle masses consistent
with these transformations for the theories discussed in the paper. Note that the spinor
algebra following from these transformations will change because Fierz identities take
different from in different dimensions.
Yang-Mills theory is invariant under
δAµ = iη
iγµχi
δφ = iηiχi
δχi = (σµνF
µν −D/φ)ηi − ia(d− 3)φMijηj
(C.1)
with mass parameters
µ = −d− 4
4
M, m2 = −2(d− 3). (C.2)
Conformal scalar theory is invariant under
δφI = (σIǫ)ijǫ
iλj
δλi = i(ǫσ
I)ji∂/ φ
Iǫj + a
d−2
2
(σI
T
ǫM)ijǫjφ
I
(C.3)
with mass of the scalars given by
m2 = −d(d− 2)
4
, (C.4)
which is exactly the mass of the conformally coupled scalar in dimension d [7, 14].
Massive scalar theory is invariant under
δφI = (σIǫ)ijǫ
iλj
δλi = i(ǫσ
I)ji∂/ φ
Iǫj + a
d−2
2
(σI
T
ǫM)ijǫjφ
I + aµ(MǫσI
†
)ijǫjφ
I
(C.5)
with the scalar masses given by
m2 = µ2 + µ− d(d− 2)
4
, µ2 − µ− d(d− 2)
4
(C.6)
each with multiplicity 2.
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